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Lactation milk yield prediction in primiparous cows on a farm  
using the seasonal auto-regressive integrated moving average 
model, nonlinear autoregressive exogenous artificial neural 
networks and Wood’s model

Wilhelm Grzesiak1, Daniel Zaborski1,*, Iwona Szatkowska1, and Katarzyna Królaczyk2

Objective: The aim of the present study was to compare the effectiveness of three approaches 
(the seasonal auto-regressive integrated moving average [SARIMA] model, the nonlinear 
autoregressive exogenous [NARX] artificial neural networks and Wood’s model) to the 
prediction of milk yield during lactation. 
Methods: The dataset comprised monthly test-day records from 965 Polish Holstein-
Friesian Black-and-White primiparous cows. The milk yields from cows in their first 
lactation (from 5 to 305 days in milk) were used. Each lactation was divided into ten lactation 
stages of approximately 30 days. Two age groups and four calving seasons were distinguished. 
The records collected between 2009 and 2015 were used for model fitting and those from 
2016 for the verification of predictive performance. 
Results: No significant differences between the predicted and the real values were found. 
The predictions generated by SARIMA were slightly more accurate, although they did not 
differ significantly from those produced by the NARX and Wood’s models. SARIMA had 
a slightly better performance, especially in the initial periods, whereas the NARX and Wood’s 
models in the later ones. 
Conclusion: The use of SARIMA was more time-consuming than that of NARX and 
Wood’s model. The application of the SARIMA, NARX and Wood’s models (after their 
implementation in a user-friendly software) may allow farmers to estimate milk yield of 
cows that begin production for the first time.
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Methods

INTRODUCTION 

Information on future milk yield performance (even if only approximate) provides premises 
for making rational decisions and stimulates actions aimed at the realization of favorable 
prediction (e.g. appropriate animal care). Daily or weekly milk yield prediction allows early 
identification of low-producing animals, which can subsequently be culled. Perturbations 
in milk production may indicate health [1,2] or reproductive [3] problems. Farmers can 
predict milk production level at successive lactation stages based on lactation curve shape 
[4]. Production costs, expected profits and the economic value of a cow or cows can be 
estimated based on current milk prices. They are also used for making decisions about 
subsequent artificial inseminations of such cows, their further utilization and herd replace-
ment. Consequently, the policy of advance planning can be implemented.
  Therefore, it seems understandable that the possibility of predicting lactation curve shape 
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of cows is a highly beneficial endeavor, especially for primipa-
rous cows, whose real production performance is unknown 
despite the previous breeding value estimation. The record-
ing of milk yield in young cows from the previous production 
periods on a farm is the basis for generating predictions that 
may be compared with the real values achieved by the next 
generations of primiparae. Thus, it enables the verification of 
selection efficiency over successive years. 
  One of the most popular methods of milk yield predic-
tion is a regression model, especially Wood’s model, but also 
the so-called artificial intelligence methods (including artifi-
cial neural networks) or time series prediction models. Wood’s 
model, as a mathematical equation describing the relationship 
between milk yield and lactation duration is quite frequently 
applied to milk yield prediction in cows [5-7] and often serves 
as a good reference model for comparison with other pre-
diction models. This model includes parameters associated 
with milk yield at peak lactation, the stage of milk yield in-
crease and its decrease after the lactation peak.
  Another method of lactational milk yield prediction is the 
seasonal auto-regressive integrated moving average (SARIMA) 
model, which is based on the auto-regressive integrated mov-
ing average (ARIMA) model, whose theoretical basis was 
developed by Box and Jenkins in 1976 [8]. Assuming that 
lactation is characterized by certain homogeneity (i.e. exclud-
ing the local level and trend, any part of the lactational yield 
series is very similar in its shape to every other part), the dif-
ference among them is a stationary, mixed autoregressive 
and moving-average process. The SARIMA models are quite 
frequently used for different prediction tasks, including agri-
cultural ones such as annual milk production prediction in 
India [9,10], lactation yield prediction in sheep based on 
test-day records [11], the prediction of weekly and lactation-
al milk yield in Egyptian cows [12] or weekly milk yield in 
Spanish goats [13].
  The next prediction method based on machine-learning, 
i.e. the recognition of some characteristic patterns of a given 
phenomenon through the learning process, is a nonlinear 
autoregressive exogenous (NARX) artificial neural network 
applied in various domains, including animal breeding, e.g. 
milk yield prediction in cows during lactation [14-16]. 
  Consequently, the aim of the present study was to verify 
the usefulness of unconventional SARIMA and NARX meth-
ods for the prediction of lactational milk yield in primiparous 
cows kept on a medium-sized farm and to compare their 
predictive performance with the reference Wood’s model.

MATERIALS AND METHODS 

Since the present study involved only the analysis of produc-
tion records routinely collected on the farms, the approval 
from the Local Ethics Committee on Animal Research was 

not necessary. The dataset comprised monthly test-day re-
cords from primiparous Polish Holstein-Friesian Black-and-
White cows kept on one of the dairy farms located in the West 
Pomeranian Province. The A4 method was used for milk re-
cording. In this method, the amount of milk is determined 
at least 11 times per year (the so-called test-days) from each 
cow during 24 hours and the total milk sample is collected, 
which is also used for milk composition analysis [17]. The 
data were collected between 2009 and 2017 from a total of 
965 primiparous cows, which accounted for approximately 
29% to 35% of the annual number of cows on the farm. Pri-
miparae were assigned to age-season groups with two age 
categories (since the primiparous cows under local condi-
tions have slightly different lactation curve shapes; those 
calving before 26 months of age have lower lactational yields 
than the animals beginning production at an older age [18]).
  The following age groups were distinguished: younger 
primiparae, calving at the age of 20 to 26 months, older pri-
miparae, calving at the age of 27 to 32 months. In addition, 
four calving seasons were defined: i) primiparae calving in 
January, February and March, ii) primiparae calving in April, 
May and June, iii) primiparae calving in July, August and 
September, iv) primiparae calving in October, November 
and December.
  A total of eight age-season groups were created in this way 
(whose sample-size allowed for estimating model parame-
ters and training). Lactation was divided into ten lactation 
stages of approximately 30 days each (except for the first lac-
tation stage [from 5 to 30 days in milk] and the tenth lactation 
stage [from 270 to 305 days in milk]). Only the milk yields of 
more than 5 kg were included in the analysis. The milk yields 
recorded during the successive lactation stages were aver-
aged over each age-season group. For instance, the average 
milk yields (kg/d) from 18 younger primiparae in their first 
lactation stage that were recorded in the first season of 2016 
are presented in Table 1. These milk yields were averaged 
giving 28.49 kg of milk for the group of younger primiparae 
in the first calving season of 2016. The same method was ap-
plied to calculate the milk yields for subsequent lactation stages 
and obtain the values for the whole averaged lactation in the 
primiparae from a given age-season group.
  The period of ten lactation stages was treated as one pro-
duction cycle with a seasonal lag of 10, which did not always 
correspond to the production year of a primiparous cow. If 
the cow started production in the third or fourth season, 
her subsequent milk yields were recorded in the next year. 
However, to avoid confusion, the year-wise nomenclature 
was adopted by treating the years 2009 to 2010 as the year 
2009, the years 2010 to 2011 as the year 2010 etc. (Supple-
mentary Table S1). The numbers of younger primiparae in 
the analyzed years and seasons ranged from 10 to 18 and 
those of older primiparae ranged from 10 to 20 (Supplemen-
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tary Table S1). 
  In the study period, the animals were housed in a free-stall 
barn under similar production conditions over the studied 
years and fed a standard diet, consisting of concentrate, green 
forage or silage. They also had access to outside runs. The 
average milk yield of the primiparae during the analyzed pe-
riod amounted to approximately 9,000 kg over the standard 
lactation (Supplementary Table S2); however younger cows 
had lower yield. The records from the years 2009 to 2015 
were used for the identification and parameter estimation of 
Wood’s and SARIMA models and for the development of 
the NARX artificial neural networks (training and validation 
data sets). The data from 2016 were utilized for the compari-
son of the real values with the predictions generated by the 
SARIMA and NARX models and those produced by Wood’s 
reference model (testing data set).

The fitting and selection of the SARIMA models
The general multiplicative SARIMA model (p, d, q)×(P, D, 
Q) can be represented with the following expression [19]:
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, S is the seasonal length, 
k is the lag order, p is the non-seasonal autoregressive order, 
d is the order of non-seasonal differencing, q is the non-sea-
sonal moving average order, P is the seasonal autoregressive 
order, D is the order of seasonal differencing, Q is the sea-
sonal moving average order.
  The input data series, comprising the mean milk yields at 
successive lactation stages from the years 2009 to 2015 was 
log-transformed in order to obtain variance homogeneity. 
The fitting of the SARIMA process model consisted of iden-
tification, parameter estimation and the verification of model 
goodness of fit. For the identification of the SARIMA models, 
i.e. the selection of the appropriate parameter values, the au-
tocorrelation correlograms (the correlation of the data series 

with its lagged values, assuming the maximum value of 20) 
and partial autocorrelation correlograms (the partial correla-
tion of the data series with its lagged values, after eliminating 
the effect of any correlations due to the terms at shorter lags 
– see correlograms in Supplementary Figures S1, S2) were 
used. In the correlogram analysis, the suggestions by Pankratz 
[20], Box and Jenkins [8], and Box et al [21] were taken into 
account. The processes of increasingly high p and q parame-
ters were fitted until the moment, when the residuals from 
such a fitted process did not show any autocorrelation. The 
suggestion made by the above-mentioned authors about the 
adequacy of the models whose p+q<3 and P+Q<3 was con-
sidered.
  The autocorrelation functions were also analyzed, paying 
attention to the statistical significance of the joint criterion 
of the so-called Ljung-Box Q statistics [22] for the maxi-
mum lag (20 in the present study), which indicates the model 
goodness of fit and follows approximately a chi-square dis-
tribution with 20-p-q degrees of freedom (see correlograms 
in Supplementary Figures S1, S2). The lack of statistical 
significance indicates that the process is not a white noise. 
If the statistics was significant, such models (as unfitted) 
were excluded. 
  The above-mentioned statistics was estimated according 
to the following formula:
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where, S is the maximum lag of this function, xt is the observation at time t, xt-k is the observation at time t-171 

k, 𝑥̅𝑥 is the mean observation value, k is the lag order, and n is the number of observations. 172 

The correlograms were some sort of clue about the future model form. Therefore, the statistical 173 

significance of the parameters was verified during the selection of the SARIMA models. The parameter 174 

estimation was performed using the exact Melard method [23], and in some cases (when it failed), with the 175 

approximate McLeod and Sales method [24]. An additional estimated element of some models was a 176 

constant, which in these cases represented the intercept. 177 

At the next stage of the study, the model goodness of fit was verified by determining whether the 178 

residuals were the white noise process, i.e. whether the autocorrelation function (ACF) or partial 179 

autocorrelation function (PACF) values were statistically non-significant. The normal distribution of 180 

residuals was verified with the Shapiro-Wilk W test. 181 

In the final selection of the SARIMA model for prediction, different error criteria were taken into 182 

account. The model with the lowest mean absolute percentage error (MAPE), mean absolute error (MAE) 183 

and root-mean-square error (RMSE) was selected. The following formulae were used for error calculation: 184 
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the mean observation value, k is the lag order, and n is the 
number of observations.
  The correlograms were some sort of clue about the future 
model form. Therefore, the statistical significance of the pa-
rameters was verified during the selection of the SARIMA 
models. The parameter estimation was performed using the 

Table 1. Average milk yields (kg/d) from 18 younger primiparae in their first lactation stage

Items n Daily milk yield (kg) Total Mean

January 7 25.7 28.1 24.9 26.7 27.1 35.6 36.7 204.8
February 6 32.8 32.5 26.6 29.2 31.4 21.9 - 174.4
March 5 32.3 25.7 29.3 25.4 20.9 - - 133.6
Total 18 512.8 28.49
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exact Melard method [23], and in some cases (when it failed), 
with the approximate McLeod and Sales method [24]. An 
additional estimated element of some models was a constant, 
which in these cases represented the intercept.
  At the next stage of the study, the model goodness of fit 
was verified by determining whether the residuals were the 
white noise process, i.e. whether the autocorrelation function 
(ACF) or partial autocorrelation function (PACF) values were 
statistically non-significant. The normal distribution of re-
siduals was verified with the Shapiro-Wilk W test.
  In the final selection of the SARIMA model for prediction, 
different error criteria were taken into account. The model 
with the lowest mean absolute percentage error (MAPE), 
mean absolute error (MAE) and root-mean-square error 
(RMSE) was selected. The following formulae were used for 
error calculation:
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where: Zt is the observed value at time t, 𝑍̂𝑍t is the predicted value at time t, n is the overall number of the 192 

observed values. 193 

In addition, the Akaike Information Criterion (AIC) and its modified version (AICc) [25] were 194 

considered in the selection of the best prediction model. The AIC and AICc values were calculated using the 195 

following formulae: 196 
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where Zi is the real value, 𝑍̂𝑍𝑖𝑖 is the predicted value, n is the sample size (the number of observations). 206 
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 is the predicted value, n is the 
sample size (the number of observations).

The construction and selection of the NARX artificial 
neural networks
In the selection of an appropriate NARX artificial neural 
network, the training and validation data sets (280 records 
in total) were used. A testing set included records from the 
years 2016 to 2017 (40 observations – the same ones that 
were utilized for the verification of the SARIMA and Wood’s 
models). Using a network automatic creator, two neural net-
works were constructed: the first one for younger primiparae 
and the second one for older primiparae, including an addi-
tional qualitative SEASON variable. This variable categorized 
data according to the criterion characteristic of the SARIMA 
models by distinguishing four calving seasons based on a 
cow’s calving date (the first, second, third or fourth calving 
season), without the necessity of dividing the dataset into sea-
sonal groups. In the neural network construction, a training 
set and a validation set of 60 records were created. The vali-
dation set was used for the current monitoring of the training 
process in order to prevent over-fitting. The networks for 
younger and older primiparae were trained with the Broyden-
Fletcher-Goldfarb-Shanno variable-metric algorithm, which 
approximated the Hessian inverse in the successive iterations 
based on its values from the previous step. This is an optimi-
zation algorithm used for multidimensional problems. It is 
characterized by a high effectiveness in the approximation of 
the second-order partial derivative matrices and achieves 
convergence very quickly, although it may be computation-
ally intensive (it is usually used for networks with fewer than 
a thousand weights). It is considered one of the best optimi-
zation techniques [26,27]. For each verified network, a given 
number of iterations were carried out until obtaining the 
lowest RMSE, MAPE, and MAE values on the validation set. 
In addition, the network automatic creator selected the ap-
propriate numbers of neurons in the hidden layer and the 
types of activation functions in the hidden and output layers 
(linear, exponential, logistic, or hyperbolic tangent).

The use of Wood’s model
Based on lactational milk yields from the years 2009 to 2015 
(like for the previous models), the parameters of Wood’s 
models were estimated with the quasi-Newton method sep-
arately for younger and older primiparae and for the same 
four calving seasons. The gamma function proposed by Wood 
[28] was used for characterizing lactation course:

 

10 
 

 
 

the same ones that were utilized for the verification of the SARIMA and Wood’s models). Using a network 211 

automatic creator, two neural networks were constructed: the first one for younger primiparae and the second 212 

one for older primiparae, including an additional qualitative SEASON variable. This variable categorized 213 

data according to the criterion characteristic of the SARIMA models by distinguishing four calving seasons 214 

based on a cow’s calving date (the first, second, third or fourth calving season), without the necessity of 215 

dividing the dataset into seasonal groups. In the neural network construction, a training set and a validation 216 

set of 60 records were created. The validation set was used for the current monitoring of the training process 217 

in order to prevent over-fitting. The networks for younger and older primiparae were trained with the 218 

Broyden-Fletcher-Goldfarb-Shanno variable-metric algorithm, which approximated the Hessian inverse in 219 

the successive iterations based on its values from the previous step. This an optimization algorithm used for 220 

multidimensional problems. It is characterized by a high effectiveness in the approximation of the second-221 

order partial derivative matrices and achieves convergence very quickly, although it may be computationally 222 

intensive (it is usually used for networks with fewer than a thousand weights). It is considered one of the 223 

best optimization techniques [26,27]. For each verified network, a given number of iterations were carried 224 

out until obtaining the lowest RMSE, MAPE and MAE values on the validation set. In addition, the network 225 

automatic creator selected the appropriate numbers of neurons in the hidden layer and the types of activation 226 

functions in the hidden and output layers (linear, exponential, logistic, or hyperbolic tangent). 227 

 228 

The use of Wood’s model 229 

Based on lactational milk yields from the years 2009 to 2015 (like for the previous models), the parameters 230 

of Wood’s models were estimated with the quasi-Newton method separately for younger and older 231 

primiparae and for the same four calving seasons. The gamma function proposed by Wood [28] was used 232 

for characterizing lactation course: 233 

 234 

b c tZ a t e    , 235 ,

where, Z is the average daily milk yield at a given lactation 
stage, t is the time expressed in days, e is the natural loga-
rithm base, a is the scale parameter that regulates the general 
height of the curve, b is the parameter controlling the increas-
ing part of the lactation curve, c is the parameter associated 
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with the decreasing part of the curve.
  The individual Wood’s models were subsequently used for 
generating the prediction for the year 2016 and this predic-
tion was compared with the real values. 

The verification of the predictions generated by the 
SARIMA, NARX, and Wood’s models 
The next stage of the present study was to compare the predic-
tions for individual age groups and calving seasons generated 
by the best (according to the adopted criteria) SARIMA mod-
els with the real values from 2016 to 2017 and the analogous 
predictions for individual age groups and calving seasons 
generated by NARX with the real milk yields at successive 
lactation stages. The same procedure was applied to Wood’s 
models. The RMSE, MAPE, and MAE values were com-
pared for the predictions generated by all models.
  Also, the Pearson correlation coefficients between the val-
ues predicted by the SARIMA, NARX, and Wood’s models 
and the real values were estimated. In addition, the signifi-
cance of the differences in the correlation coefficients between 
individual models was verified using the t-test according to 
the following formula:
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where: r1 and r2 are the compared correlation coefficients, n1 and n2 are the corresponding sample sizes, t is 256 

the value of the Student’s t statistics (α = 0.05 and n1 + n2  4 degrees of freedom were adopted). 257 

Moreover, the Theil I2 coefficient was calculated according to the following equation [29]: 258 

,

where, r1 and r2 are the compared correlation coefficients, n1 
and n2 are the corresponding sample sizes, t is the value of 
the Student’s t statistics (α = 0.05 and n1 + n2 – 4 degrees of 
freedom were adopted).
  Moreover, the Theil I2 coefficient was calculated according 
to the following equation [29]:
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It can be decomposed into the sum of three coefficients determining the different sources of errors: 262 
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O is the term representing the prediction bias: 266 
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where, iZ  is the mean real value, and 
ˆ

mZ is the mean predicted value, I2
B represents the error caused by 270 

inadequate prediction flexibility: 271 
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where, σi is the standard deviation of the series of real values and σp is the standard deviation of the series 275 

of predicted values. 276 

I2
E represents the error resulting from the insufficient convergence between the directions of predicted 277 

changes and the changes in the predicted variable: 278 

.

  It can be decomposed into the sum of three coefficients 
determining the different sources of errors:

 

12 
 

 
 

 259 

2

2 1

2

1

ˆ( )
 

n

i
i

n

i
i

Z Z
I

Z










.  260 

 261 

It can be decomposed into the sum of three coefficients determining the different sources of errors: 262 

 263 

2 2 2 2
O B EI I I I   , 264 

 265 

where, I2
O is the term representing the prediction bias: 266 

 267 

2
2

2

1

ˆ( )
1

i m
O n

i
i

Z ZI
Z

n 





, 268 

 269 

where, iZ  is the mean real value, and 
ˆ

mZ is the mean predicted value, I2
B represents the error caused by 270 

inadequate prediction flexibility: 271 

 272 

2
2

2

1

( )
1

i p
B n

i
i

I
Z

n

 







, 273 

 274 

where, σi is the standard deviation of the series of real values and σp is the standard deviation of the series 275 

of predicted values. 276 

I2
E represents the error resulting from the insufficient convergence between the directions of predicted 277 

changes and the changes in the predicted variable: 278 

,

where, I2
O is the term representing the prediction bias:

 

12 
 

 
 

 259 

2

2 1

2

1

ˆ( )
 

n

i
i

n

i
i

Z Z
I

Z










.  260 

 261 

It can be decomposed into the sum of three coefficients determining the different sources of errors: 262 

 263 

2 2 2 2
O B EI I I I   , 264 

 265 

where, I2
O is the term representing the prediction bias: 266 

 267 

2
2

2

1

ˆ( )
1

i m
O n

i
i

Z ZI
Z

n 





, 268 

 269 

where, iZ  is the mean real value, and 
ˆ

mZ is the mean predicted value, I2
B represents the error caused by 270 

inadequate prediction flexibility: 271 

 272 

2
2

2

1

( )
1

i p
B n

i
i

I
Z

n

 







, 273 

 274 

where, σi is the standard deviation of the series of real values and σp is the standard deviation of the series 275 

of predicted values. 276 

I2
E represents the error resulting from the insufficient convergence between the directions of predicted 277 

changes and the changes in the predicted variable: 278 

,

where, 

12 
 

 
 

 259 

2

2 1

2

1

ˆ( )
 

n

i
i

n

i
i

Z Z
I

Z










.  260 

 261 

It can be decomposed into the sum of three coefficients determining the different sources of errors: 262 

 263 

2 2 2 2
O B EI I I I   , 264 

 265 

where, I2
O is the term representing the prediction bias: 266 

 267 

2
2

2

1

ˆ( )
1

i m
O n

i
i

Z ZI
Z

n 





, 268 

 269 

where, iZ  is the mean real value, and 
ˆ

mZ is the mean predicted value, I2
B represents the error caused by 270 

inadequate prediction flexibility: 271 

 272 

2
2

2

1

( )
1

i p
B n

i
i

I
Z

n

 







, 273 

 274 

where, σi is the standard deviation of the series of real values and σp is the standard deviation of the series 275 

of predicted values. 276 

I2
E represents the error resulting from the insufficient convergence between the directions of predicted 277 

changes and the changes in the predicted variable: 278 

 is the mean real value, and 

12 
 

 
 

 259 

2

2 1

2

1

ˆ( )
 

n

i
i

n

i
i

Z Z
I

Z










.  260 

 261 

It can be decomposed into the sum of three coefficients determining the different sources of errors: 262 

 263 

2 2 2 2
O B EI I I I   , 264 

 265 

where, I2
O is the term representing the prediction bias: 266 

 267 

2
2

2

1

ˆ( )
1

i m
O n

i
i

Z ZI
Z

n 





, 268 

 269 

where, iZ  is the mean real value, and 
ˆ

mZ is the mean predicted value, I2
B represents the error caused by 270 

inadequate prediction flexibility: 271 

 272 

2
2

2

1

( )
1

i p
B n

i
i

I
Z

n

 







, 273 

 274 

where, σi is the standard deviation of the series of real values and σp is the standard deviation of the series 275 

of predicted values. 276 

I2
E represents the error resulting from the insufficient convergence between the directions of predicted 277 

changes and the changes in the predicted variable: 278 

is the mean pre-
dicted value, I2

B represents the error caused by inadequate 
prediction flexibility:

 

12 
 

 
 

 259 

2

2 1

2

1

ˆ( )
 

n

i
i

n

i
i

Z Z
I

Z










.  260 

 261 

It can be decomposed into the sum of three coefficients determining the different sources of errors: 262 

 263 

2 2 2 2
O B EI I I I   , 264 

 265 

where, I2
O is the term representing the prediction bias: 266 

 267 

2
2

2

1

ˆ( )
1

i m
O n

i
i

Z ZI
Z

n 





, 268 

 269 

where, iZ  is the mean real value, and 
ˆ

mZ is the mean predicted value, I2
B represents the error caused by 270 

inadequate prediction flexibility: 271 

 272 

2
2

2

1

( )
1

i p
B n

i
i

I
Z

n

 







, 273 

 274 

where, σi is the standard deviation of the series of real values and σp is the standard deviation of the series 275 

of predicted values. 276 

I2
E represents the error resulting from the insufficient convergence between the directions of predicted 277 

changes and the changes in the predicted variable: 278 

,

where, σi is the standard deviation of the series of real values 
and σp is the standard deviation of the series of predicted 
values.
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E represents the error resulting from the insufficient con-
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the changes in the predicted variable:
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where the symbols are defined as above and r is the correla-
tion coefficient between the milk yields predicted by a given 
model and the real values.
  In order to check whether the predictions generated by 
the SARIMA, NARX, and Wood’s models differed between 
each other, the Diebold-Mariano (DM) test with the small 
sample correction proposed by Harvey, Leybourne, and 
Newbold (HLN) was used:

 

13 
 

 
 

 279 

2

2

1

2 (1 )
1
i p

E n

i
i

r
I

Z
n

 







, 280 

 281 

where, the symbols are defined as above and r is the correlation coefficient between the milk yields 282 

predictions by a given model and the real values. 283 

In order to check whether the predictions generated by the SARIMA, NARX and Wood’s models 284 

differed between each other, the Diebold-Mariano (DM) test with the small sample correction proposed by 285 

Harvey, Leybourne and Newbold (HLN) was used: 286 

 287 

 1 2 1n h n n
HLN DM

n
   


, 288 

 289 

1

0
1

2
h

t
t

dDM

n

 






 
, 290 

 291 

3 1h n  , 292 

 293 

1
id d

n
 

, 294 

 295 

1

1 ( )( )
n

t i i t
i t

d d d d
n

 
 

  
, 296 

 297 

,

 

13 
 

 
 

 279 

2

2

1

2 (1 )
1
i p

E n

i
i

r
I

Z
n

 







, 280 

 281 

where, the symbols are defined as above and r is the correlation coefficient between the milk yields 282 

predictions by a given model and the real values. 283 

In order to check whether the predictions generated by the SARIMA, NARX and Wood’s models 284 

differed between each other, the Diebold-Mariano (DM) test with the small sample correction proposed by 285 

Harvey, Leybourne and Newbold (HLN) was used: 286 

 287 

 1 2 1n h n n
HLN DM

n
   


, 288 

 289 

1

0
1

2
h

t
t

dDM

n

 






 
, 290 

 291 

3 1h n  , 292 

 293 

1
id d

n
 

, 294 

 295 

1

1 ( )( )
n

t i i t
i t

d d d d
n

 
 

  
, 296 

 297 

,

 

13 
 

 
 

 279 

2

2

1

2 (1 )
1
i p

E n

i
i

r
I

Z
n

 







, 280 

 281 

where, the symbols are defined as above and r is the correlation coefficient between the milk yields 282 

predictions by a given model and the real values. 283 

In order to check whether the predictions generated by the SARIMA, NARX and Wood’s models 284 

differed between each other, the Diebold-Mariano (DM) test with the small sample correction proposed by 285 

Harvey, Leybourne and Newbold (HLN) was used: 286 

 287 

 1 2 1n h n n
HLN DM

n
   


, 288 

 289 

1

0
1

2
h

t
t

dDM

n

 






 
, 290 

 291 

3 1h n  , 292 

 293 

1
id d

n
 

, 294 

 295 

1

1 ( )( )
n

t i i t
i t

d d d d
n

 
 

  
, 296 

 297 

,

 

13 
 

 
 

 279 

2

2

1

2 (1 )
1
i p

E n

i
i

r
I

Z
n

 







, 280 

 281 

where, the symbols are defined as above and r is the correlation coefficient between the milk yields 282 

predictions by a given model and the real values. 283 

In order to check whether the predictions generated by the SARIMA, NARX and Wood’s models 284 

differed between each other, the Diebold-Mariano (DM) test with the small sample correction proposed by 285 

Harvey, Leybourne and Newbold (HLN) was used: 286 

 287 

 1 2 1n h n n
HLN DM

n
   


, 288 

 289 

1

0
1

2
h

t
t

dDM

n

 






 
, 290 

 291 

3 1h n  , 292 

 293 

1
id d

n
 

, 294 

 295 

1

1 ( )( )
n

t i i t
i t

d d d d
n

 
 

  
, 296 

 297 

,

 

13 
 

 
 

 279 

2

2

1

2 (1 )
1
i p

E n

i
i

r
I

Z
n

 







, 280 

 281 

where, the symbols are defined as above and r is the correlation coefficient between the milk yields 282 

predictions by a given model and the real values. 283 

In order to check whether the predictions generated by the SARIMA, NARX and Wood’s models 284 

differed between each other, the Diebold-Mariano (DM) test with the small sample correction proposed by 285 

Harvey, Leybourne and Newbold (HLN) was used: 286 

 287 

 1 2 1n h n n
HLN DM

n
   


, 288 

 289 

1

0
1

2
h

t
t

dDM

n

 






 
, 290 

 291 

3 1h n  , 292 

 293 

1
id d

n
 

, 294 

 295 

1

1 ( )( )
n

t i i t
i t

d d d d
n

 
 

  
, 296 

 297 

, 

 

14 
 

 
 

2 2
i i id es en  , 298 

 299 

where, es is the difference between the real values and those predicted by a given model, en is the difference 300 

between the real values and those predicted by the model being compared. 301 

Estimation and training of all models as well as the calculation of performance measures (except for 302 

DM) were carried out using Statistica 13.3 (TIBCO Software Inc., Tulsa, OK, USA). DM was calculated 303 

using R (R Development Core Team, R Foundation for Statistical Computing, Vienna, Austria) software. 304 
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In order to determine the appropriate neural model for younger cows, the network with the lowest RMS 322 
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where, es is the difference between the real values and those 
predicted by a given model, en is the difference between the 
real values and those predicted by the model being compared.
  Estimation and training of all models as well as the calcu-
lation of performance measures (except for DM) were 
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carried out using Statistica 13.3 (TIBCO Software Inc., Tul-
sa, OK, USA). DM was calculated using R (R Development 
Core Team, R Foundation for Statistical Computing, Vienna, 
Austria) software.

RESULTS 

The SARIMA model selection
For the detailed analysis and prediction, one SARIMA model 
was selected from each season. Four SARIMA models char-
acterized by the lowest errors are presented in Supplementary 
Table S3. From among them, the best model (according to 
the lowest AIC and AICc values) for each season was selected 
for the comparison with the remaining models (Table 2). All 
the parameters of the presented SARIMA models selected 
for prediction were statistically significant (Supplementary 
Table S4). The Ljung-Box Q-statistics was not significant for 
any of them. The ACF graph (Supplementary Figures S1A, 
S1B) for the SARIMA models selected using the correlograms 
shows the exponential decay of the autocorrelation coeffi-
cients. Practically, they did not exceed the assumed 95% 
confidence level for any lag. Since the values of the Ljung-
Box Q-statistics for the individual models were statistically 
non-significant for the last lag (k = 20), it can be stated that 
this was not white noise. The PACF values did not exceed 
the assumed confidence level either. Only the correlograms 
were not so ideal in this case (Supplementary Figures S2A, 
S2B). 

The selection of the NARX networks for prediction
In order to determine the appropriate neural model for 
younger cows, the network with the lowest RMS error on 
the validation set (2.87 kg) was selected out of 40 analyzed 
networks. The exponential and linear activation functions 
were used in the hidden and output layers, respectively. The 
best network had a 40-5-1 architecture (the number of neu-
rons in the input, hidden and output layers, respectively). 
A total of 48 iterations were carried out. For older cows, 

the error of the selected network on the validation set was 
3.69 kg. The logistic activation functions were used both in 
the hidden and output layers. The network was trained for 
a total of 19 iterations and had a 40-8-1 architecture. The 
network architectures are presented in Figure 1. 

Wood’s model estimation
The parameters obtained for individual calving seasons in the 
groups of younger and older cows are presented in Table 3. 
All the estimates of the Wood’s model parameters were sta-
tistically significant (p<0.01) and greater than zero (Table 3).

Comparison between the predictions generated by the 
investigated models
We did not find any statistically significant differences be-
tween the predictions generated by the investigated models 
(SARIMA, NARX, and Wood’s) and the real milk yields (the 
differences between the real milk yields and the predictions 
generated by the SARIMA and NARX models [in kg and %], 
the relative and absolute deviations calculated for lactation 
stages in individual cow age groups, calving seasons and lac-
tation stages are presented in Supplementary Tables S5a, 
S5b, S6a and S6b, respectively).
  The MAE values for younger cows in the first and second 
season were lowest for Wood’s models (0.9 kg and 1.29 kg, 
respectively), and slightly higher for the SARIMA (1.07 kg 
and 1.43 kg, respectively) and NARX (1.08 kg and 1.66 kg, 
respectively) models. An analogous situation occurred for 
the MAPE values, which amounted to 3.30% and 4.72% in 
the first and second season, respectively, for Wood’s models, 
4.45% and 5.82%, respectively, for SARIMA as well as 4.14% 
and 6.51%, respectively, for NARX. The RMSE were slightly 
more diverse in these seasons (1.03 kg and 1.53 kg, respec-
tively for Wood’s models, 1.37 kg and 1.56 kg, respectively 
for SARIMA as well as 1.24 kg and 1.98 kg, respectively for 
NARX; Table 4).
  In the third and fourth season, we found the lowest MAE 
values for the SARIMA models (1.23 kg and 1.55 kg, re-

Table 2. The seasonal auto-regressive integrated moving average (SARIMA) models selected for further prediction according to the analyzed 
error, Q and AIC values

Season
Younger Older

1 2 3 4 1 2 3 4

Model (010)(200) (100)(101) (100)(101) (110)(100) (010)(200) (010)(101) (100)(200) (010)(200)
MAE 1.06 1.43 1.23 1.55 1.47 0.53 2.60 1.48
RMSE 1.38 1.56 1.54 1.86 1.60 0.64 3.38 2.20
MAPE 3.98 5.03 4.37 5.73 4.54 1.77 8.23 5.39
Q 23.67 14.01 8.81 17.34 20.65 17.57 25.96 22.48
AIC 12.27 16.91 16.58 22.17 18.39 –4.97 32.34 21.57
AICc 16.27 24.91 24.58 26.17 22.39 –0.97 40.34 25.57

Q, Q statistics; AIC, Akaike information criterion; AICc, corrected Akaike information criterion; MAE, mean absolute error; RMSE, root-mean-square error; 
MAPE, mean absolute percentage error.
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spectively), slightly higher for Wood’s (1.49 kg and 2.43 kg, 
respectively) and the NARX (1.58 kg and 2.64 kg, respec-
tively) models. An analogous situation occurred for the 

MAPE values (5.1% and 6.82% in the third and fourth sea-
son, respectively, for SARIMA, 5.44% and 9.24%, respectively 
for Wood’s model as well as 6.33% and 11.06%, respectively 

Table 3. Estimates of the Wood’s model parameters and their standard errors

Items
Season 1 Season 2 Season 3 Season 4

a b c a b c a b c a b c
Younger primiparare

Est 32.44 0.39 0.13 34.84 0.29 0.11 35.08 0.35 0.13 32.68 0.34 0.12
SE 0.46 0.03 0.01 0.69 0.04 0.01 0.78 0.04 0.01 0.82 0.05 0.01

Older primiparare
Est 33.92 0.31 0.11 35.36 0.35 0.12 35.59 0.34 0.12 32.74 0.36 0.12
SE 0.98 0.06 0.01 0.54 0.03 0.01 0.94 0.05 0.01 0.81 0.05 0.01

Est, estimate; SE, standard error.

Figure 1. The architectures of the nonlinear autoregressive exogenous (NARX) artificial neural networks used for the prediction of milk yield at 
successive lactation stages in the younger and older cows, t is a time unit corresponding to lactation stage, d is the number of delays.
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Table 4. Errors for the selected SARIMA, NARX, and Wood’s models according to calving season and age group

Errors
Season 1 Season 2 Season 3 Season 4

SARIMA NARX Wood SARIMA NARX Wood SARIMA NARX Wood SARIMA NARX Wood

Younger primiparae
MAE (kg) 1.07 1.08 0.90 1.43 1.66 1.29 1.23 1.58 1.49 1.55 2.64 2.43
RMSE (kg) 1.37 1.24 1.03 1.56 1.98 1.53 1.54 1.78 1.77 1.86 2.86 2.63
MAPE (%) 4.45 4.14 3.30 5.82 6.51 4.72 5.10 6.33 5.44 6.82 11.06 9.24

Older primiparae
MAE (kg) 1.60 2.39 0.92 0.54 1.03 0.56 2.60 3.82 1.70 1.48 1.83 0.88
RMSE (kg) 1.87 2.75 1.04 0.64 1.19 0.60 3.38 3.99 2.07 2.20 2.42 1.02
MAPE (%) 5.51 8.51 2.96 1.94 3.95 1.84 9.49 13.23 5.36 5.83 7.08 3.07

SARIMA, seasonal auto-regressive integrated moving average; NARX, nonlinear autoregressive exogenous artificial neural networks; MAE, mean absolute 
error; RMSE, root-mean-square error; MAPE, mean absolute percentage error.
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for NARX) and the RMSE values (1.54 kg and 1.86 kg, re-
spectively for SARIMA, 1.77 kg and 2.63 kg, respectively 
for Wood’s model as well as 1.78 kg and 2.86 kg, respec-
tively for NARX; Table 4). In older cows, the lowest MAE, 
MAPE, and RMSE values were characteristic of Wood’s 
models, only in the second season, SARIMA had slightly 
lower MAE values. We found the largest errors for the 
NARX networks (Table 4).
  The low values of the Theil coefficients (Table 5; coefficients 
multiplied by 103 for better legibility) confirmed a good pre-
diction quality. In younger cows, we found the lowest Theil 
coefficients for Wood’s models in the first two seasons (1.27 
and 2.86, respectively). The values for the SARIMA and NARX 
models in these two seasons were 2.24 and 2.99 as well as 
1.84 and 4.80, respectively. In the third and fourth season, 
we observed the lowest coefficients for the SARIMA models 
(2.81 and 4.81, respectively), slightly higher for Wood’s model 

(3.72 and 9.59, respectively), and the highest ones for NARX 
(3.79 and 11.40, respectively). For all models, the greatest com-
ponent of the Theil coefficient was I2

E in the first and third 
season. In the second and fourth season, I2

O played a larger 
role for the NARX and Wood’s models. We found the lowest 
contribution of the I2

B coefficient for almost all models in 
younger cows (except for the SARIMA and Wood’s models 
in season 1).
  In older cows (seasons 1 and 2), we noticed the lowest Theil 
coefficients for the SARIMA models (3.51 and 0.43, respec-
tively), whereas higher ones for the Wood’s (5.12 and 0.93, 
respectively) and NARX (7.60 and 1.50, respectively) models. 
In the third season, this coefficient was slightly higher (21.73 
for SARIMA, 16.23 for Wood’s, and 17.81 for NARX). In the 
fourth season, we found the lowest coefficient for SARIMA 
(6.11), and slightly higher for NARX (7.38) and Wood’s model 
(10.43). For the investigated models, I2

E had the greatest con-

Table 5. The Theil coefficients for the predictions generated by the SARIMA, NARX, and Wood’s models according to calving season and age 
group

Items SARIMA NARX Wood SARIMA NARX Wood

Younger primiparae
Season 1 Season 2

I2 2.23930 1.84090 1.27365 2.98790 4.80256 2.85991
I2

O 0.00522 0.23076 0.02772 1.07631 2.94985 2.01053
I2

B 0.62093 0.13207 0.03447 0.22519 0.15012 0.00052
I2

E 1.61315 1.47820 1.21241 1.68686 1.70325 0.85028
I2

O (%) 0.23 12.54 2.18 36.02 61.42 70.30
I2

B (%) 27.73 7.17 2.71 7.54 3.13 0.02
I2

E (%) 72.04 80.30 95.19 56.46 35.47 29.73
Season 3 Season 4

I2 2.80554 3.78646 3.72267 4.81020 11.39751 9.59155
I2

O 0.00001 1.14645 1.65111 2.07714 9.24165 8.12290
I2

B 0.00002 0.01287 0.00167 0.56688 0.40283 0.13231
I2

E 2.80548 2.62715 2.07094 2.16624 1.75400 1.33615
I2

O (%) 0.00 30.28 44.35 43.18 81.08 84.69
I2

B (%) 0.00 0.34 0.04 11.78 3.53 1.38
I2

E (%) 100.00 69.38 55.63 45.03 15.39 13.93
Older primiparae

Season 1 Season 2
I2 3.50576 7.59612 5.11710 0.42829 1.49970 0.92896
I2

O 0.55068 4.52857 2.96390 0.01092 0.42183 0.03022
I2

B 0.13301 0.17046 0.00000 0.11395 0.48113 0.27873
I2

E 2.82201 2.89659 2.15318 0.30339 0.59728 0.62001
I2

O (%) 15.71 59.62 57.92 2.55 28.13 3.25
I2

B (%) 3.79 2.24 0.00 26.60 32.08 30.00
I2

E (%) 80.50 38.13 42.08 70.84 39.83 66.74
Season 3 Season 4

I2 21.73444 17.81869 16.23342 6.10826 7.37974 10.43485
I2

O 1.10261 1.03546 0.32794 0.20497 1.62102 4.75037
I2

B 7.99121 3.79733 5.18000 0.62420 0.63255 0.37121
I2

E 12.64039 12.98628 10.72585 5.28000 5.13140 5.31356
I2

O (%) 5.07 5.81 2.02 3.36 21.97 45.52
I2

B (%) 36.77 21.31 31.91 10.22 8.57 3.56
I2

E (%) 58.16 72.88 66.07 86.44 69.53 50.92

SARIMA, seasonal auto-regressive integrated moving average; NARX, nonlinear autoregressive exogenous artificial neural networks. 
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tribution to the Theil coefficient. Only in the first season, I2
0 

played a larger role for the NARX and Wood’s models. We 
found a greater contribution of the I2

B coefficient (compared 
with I2

0) in the second and fourth season (for all models) and 
the fourth season (for SARIMA).
  The correlation coefficients between the predicted and 
real milk yields were high and statistically significant (Table 
6). Only the correlations for older cows (season 3) were lower 
(0.7500, 0.7827, and 0.8081 for the SARIMA, NARX, and 
Wood’s model, respectively). In general, we observed little 
higher correlation coefficients for Wood’s models. All the 
coefficients were statistically significant, although no signifi-
cant differences were found among the models. The course 
of the prediction generated by individual models in younger 
cows was quite similar to the course of the real milk yield. 
Only in the fourth season, the values were overestimated 
by the NARX and Wood’s models (Figure 2). We observed 
slightly larger deviations in older cows, especially in the third 
and fourth season (Figure 3). The HLN test did not show 
any statistically significant differences in the predictions 
generated by different models.

DISCUSSION 

The application of the SARIMA models or the NARX artifi-
cial neural networks may be an interesting alternative to other 
methods of average milk yield estimation at successive lacta-
tion stages, such as Wood’s model [11,30]. In the light of our 
study and the available literature [14-16,31], the usefulness 
of different statistical methods for solving problems related 
to milk yield prediction could be confirmed. The fitting of 
the SARIMA models required the determination of the p, d, 
q, and P, D, Q parameters based on the autocorrelation and 
PACFs, parameter estimation and the goodness-of-fit verifi-
cation. The correlogram analysis itself is not an ideal tool for 
the accurate model parameter selection, since the correlo-
grams do not always unequivocally indicate the adequate 
choice of the p, q, and P, Q parameters. In the selection of 
the SARIMA model for specific prediction, AIC and AICc 
can be used. It is worth noting that, in most cases, the models 
with the low AIC values were also characterized by the low 
MAE, RMSE, and MAPE values. As stated by Box et al [21], 
the fitting of the processes with the increasing values of the p 
and q or P and Q parameters until the moment, when the 

Table 6. The Pearson correlation coefficients between the real and predicted milk yields

Season
Younger primiparae Older primiparae

SARIMA NARX Wood SARIMA NARX Wood

1 0.9418 0.9621 0.9672 0.9172 0.9174 0.9303
2 0.9555 0.9643 0.9791 0.9892 0.9823 0.9807
3 0.9365 0.9420 0.9582 0.7500 0.7827 0.8081
4 0.9163 0.9548 0.9625 0.8116 0.8298 0.8156

SARIMA, seasonal auto-regressive integrated moving average; NARX, nonlinear autoregressive exogenous artificial neural networks.

Figure 2. The course of the prediction generated by the seasonal auto-regressive integrated moving average (SARIMA) model, the nonlinear autore-
gressive exogenous (NARX) artificial neural networks and Wood’s models for younger cows relative to the real average milk yields in 2016.

40 
 

 
 

 685 

 686 

Fig. 2 687 

 688 

 689 



www.animbiosci.org  779

Grzesiak et al (2021) Anim Biosci 34:770-782

residuals of such a fitted process do not show autocorrelation, 
can be limited to the value of p+q/(P+Q)<3. The investigated 
SARIMA models did not differ considerably in the number 
of parameters and the AIC and AICc values were mainly as-
sociated with the above-mentioned errors. It seems that the 
ultimate selection of the best predicting SARIMA model can 
be based on RMSE, MAE, and MAPE. The AIC measure, in-
cluding the number of model parameters, is not more accurate, 
since the models usually did not differ between each other 
by more than one or two parameters. In the case of artificial 
neural networks, the number of parameters was incompara-
bly higher than that for the SARIMA models. Therefore, the 
comparison between SARIMA and NARX using AIC and 
AICc was not performed, similarly as for Wood’s model.
  It can be stated that the predictions presented in our study 
reflected the course of real milk yields during the distinguished 
lactation stages quite well. Adopting the 30-day lactation 
stages, some deviations expressed in kilograms ranged from 
0.37 kg to 210 kg. The average deviations for the whole lacta-
tion ranged between 22.5 kg and 802 kg of milk. The performed 
analysis showed that the average predictions at successive 
lactation stages with the lowest deviations from the real 
milk yields in younger cows were generated by the SARIMA 
models, especially during the first lactation periods. At lat-
er stages, Wood’s and NARX models were more accurate 
with an increasing prediction horizon. In the case of older 
primiparae, this relationship became apparent in season 4, 
but it was not so evident for the remaining seasons. Wood’s 
models were more accurate, especially in a quite problematic 
season 3, similarly as the NARX models. This observation 
was further confirmed by the low values of the Theil coeffi-

cients for five SARIMA models and three Wood’s models. 
The NARX networks had slightly higher Theil coefficients. 
In the case of SARIMA (four models), NARX (five models) 
and Wood’s models (five models), the value of the Theil 
coefficient was mainly affected by the error (I2

E) resulting 
from the insufficient convergence between the directions 
of prediction changes and the changes in the predicted vari-
able. This indicates an insufficient prediction of turning 
points, which may lead to the prediction overestimation in 
some lactation periods (seasons 2 and 4 for younger cows 
and season 4 for older cows) and underestimation in others 
(season 1 and 3 for older cows) (Figures 2, 3). This finding 
corresponds to some extent with the results obtained by 
Murphy et al [15], who investigated lactational milk yield 
prediction at different time horizons and observed greater 
MAE and RMSE values for the NARX networks in the first 
prediction horizon (within 30 days in milk) but these errors 
decreased in the subsequent prediction periods. On the 
other hand, the static artificial neural networks were char-
acterized by a general increase in the prediction accuracy 
with decreasing horizon (a reduction in RMSE from 12.0% 
to 10.7% with the prediction horizon changing from 305 to 
10 days), although in the same prediction horizon range, the 
underestimation of lactation peak yield increased from 4.8% 
to 7.4%. However, when analyzing these predictions at 10-
day intervals, the errors for NARX and the rest of the models 
were characterized by larger fluctuations – the neural net-
works had lower errors in some periods, and the remaining 
models in others. The predictions generated by the SARIMA, 
NARX, and Wood’s models in our study were more flexible, 
which was confirmed by the lowest contribution of the I2

B 

Figure 3. The course of the prediction generated by the seasonal auto-regressive integrated moving average (SARIMA) model, the nonlinear 
autoregressive exogenous (NARX) artificial neural networks and Wood’s models for older cows relative to the real average milk yields in 2016.
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term to the overall Theil coefficient. Moreover, a very low 
contribution of the I2

O term (especially for the SARIMA mod-
els) indicated a low prediction bias. However, this coefficient 
predominated among the components of the Theil coeffi-
cient for three NARX and three Wood’s models, confirming 
a higher prediction bias for them. 
  A different trend in the error values was found in the pre-
diction of monthly total dissolved solids in the Rio Grande 
[32], where the authors observed slightly lower RMSE and 
MAE values for the neural networks compared with the 
ARIMA model at the one-month prediction horizon, whereas 
this situation changed in the second and third month, when 
smaller errors were made by the ARIMA model. A similar 
relationship was found by Zhang et al [31], who recorded an 
increase in RMSE for the NARX model with lengthening 
prediction horizon. However, it should be remembered that 
the results from these studies are not directly comparable 
with ours and only some general trends can be observed.
  The correlation coefficients between the predicted and 
real milk yields in our study were slightly higher than those 
obtained by Abudu et al [32], who recorded the values rang-
ing from 0.78 to 0.89; however, these correlations were almost 
always greater for the neural networks compared with ARIMA, 
similarly as in our study. In the work by Zhang et al [31] on 
the use of an automatic system of model configuration and 
optimization for milk production prediction, the correlation 
coefficients exceeded 0.84 for all the nine developed models 
(multinomial, adaptive multinomial, Legendre’s multino-
mial, cubic splines, log-squared, multiple linear regression, 
static artificial neural networks, surface fitting and NARX), 
which confirmed their good overall quality. At a longer pre-
diction horizon (amounting to 365 days), the correlation 
coefficients for these models ranged from 0.85 to 0.98 (r = 
0.98 for the best surface fitting model and r = 0.85 for the 
worst multiple linear regression). The accuracy of the NARX 
model increased with a decreasing prediction horizon (the 
correlation rose from 0.96 to 0.98 with the horizon chang-
ing from 365 to 10 days). Also, in the study by Murphy et 
al [15] on the use of the NARX and static artificial neural 
networks, among others, for milk production prediction, 
the correlation coefficients generally slightly increased with 
a decreasing prediction horizon (from 305 to 10 days) and 
they were slightly higher for NARX compared with the static 
artificial neural networks each time (0.97 vs 0.94 to 305 days, 
0.97 vs 0.94 to 50 days, 0.98 vs 0.95 to 30 days, and 0.98 vs 
0.95 to 10 days for the NARX model and the static artificial 
neural networks, respectively). However, such a trend was 
not observed for the last investigated model, i.e. multiple 
linear regression, for which the values of the correlation co-
efficient were almost invariant.
  We obtained exceptionally worse predictions (compared 
with other seasons) in the third season for older cows, which 

is also depicted in Figure 3. This most probably resulted from 
the large variations in the real milk yields of cows calving dur-
ing this season. It is difficult to explicitly determine the source 
of these fluctuations but, in general, a sudden breakdown 
caused by e.g. diseases, the decreased nutritive value of feeds, 
staff changes and other unpredictable factors, may (although 
not necessarily) result in milk yield changes and, consequently, 
negatively affect prediction accuracy. It can also be noticed 
that the lactation peak was slightly earlier in season 1 (espe-
cially for younger cows) with a more rapid decrease in milk 
yield, which may indicate inappropriate feeding. In the remain-
ing seasons, a second (although not so evident) lactation 
peak could be observed, which in turn may reflect addi-
tional feeding (in this case, supplementation of the diet with 
green forage). Considerable milk yield variation occurred 
in season 4, which again may indicate inappropriate feeding. 
The predictions do not reflect perturbations visible in the 
course of real milk yield (especially for SARIMA), which 
allows us to suppose that they resulted from some unpre-
dictable factors occurring on the farm.
  The predictions produced by the SARIMA models, rather 
poorly reflect seasonal fluctuations in the analyzed series 
and the predictions are increasingly closer to the trend line 
with a lengthening prediction horizon. It is probably asso-
ciated with the fact that seasonality is only modelled by the 
stationary component of the model (no seasonal differencing). 
The SARIMA models poorly detect non-linearity in time 
series data, whereas artificial neural networks are more ac-
curate in this regard, similarly as Wood’s model. The use of 
artificial neural networks for time series prediction, including 
additional factors such as calving season, makes it possible 
to quickly develop a prediction model. The fitting and se-
lection of the best SARIMA model seems to be more time-
consuming and absorbing. It requires the verification of 
many elements (correlograms, parameter significance, the 
normal distribution of residuals etc.). There are no such re-
quirements for the neural networks, and the use of the 
automatic network construction module greatly facilitates 
the development process. When fitting the SARIMA models, 
it was necessary (for higher accuracy) to divide the dataset 
into two age groups and four calving seasons, which gave a 
total of eight models for selection. If the dataset had been 
larger, it would have been possible to distinguish e.g. 13 age 
groups (20 to 32 months) instead of just two, which would 
have resulted in a more accurate prediction, but also the 
number of the SARIMA models to select from would have 
increased to 52. The selection itself caused the necessity of 
verifying many combinations of the p, q, and P, Q parame-
ters. The advantage of the NARX networks in this regard is 
evident. Finally, the development of Wood’s models was 
easier compared with other models (NARX and SARIMA) 
presented in our study.
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  In conclusion, the applied SARIMA and NARX models 
predicted the average milk yields at successive stages of the 
standard lactation of primiparous cows quite well, similarly 
as the frequently used Wood’s model. It is difficult to indicate 
the most accurate model in our study, since the predictions 
did not differ significantly from the real values and among 
themselves. It is only possible to indicate a slight superiority 
of individual models. The SARIMA models slightly better 
predicted the values in the initial prediction periods, whereas 
NARX and Wood’s models produced more accurate pre-
dictions in the later periods, but the indication of the more 
accurate model is doubtful since the predictions did not dif-
fer significantly from the observed values or among each other. 
The application of the SARIMA model was more time-con-
suming than that of NARX and Wood’s model.
  The application of the prediction methods presented in 
our study may, to some extent, allow farmers to estimate the 
milk yield of cows that begin milk production for the first 
time, providing the basis for the rational management of farm 
resources, a better definition of tasks and a clearer presenta-
tion of the reasons behind each decision made. However, the 
implementation of such models in user-friendly farm man-
agement software would be required first.
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